as well as some related results.
Introduction. For real x put x -[JC] -| (x/ integer)

<»> •<**>-x ((t)) m
The most striking property of s (h,k) is the reciprocity theorem
For an excellent introduction and many references to Dedekind sums see [9] .
The Bernoulli function B n {x) is defined by
where JS n (x) is the Bernoulli polynomial defined by
and proved the reciprocity theorem
This result is indeed valid for all n^O. For a simple proof see [4, §3] . A further generalization of (1.4) is furnished by
where r, 5 are arbitrary nonnegative integers. Put
The writer [3] , [7] has proved the following reciprocity theorem which includes (1.5) as a special case. It should be observed that there is no loss in generality in assuming that (1.15) 0=Sx<l, 0^y<l.
We show also, assuming (1.15) , that
where z = fcjc 4-foy. For x = y = 0, (1.16) reduces to (1.9) after a little manipulation. Clearly (1.16) holds for all z such that 0^ z < h + k. For some additional results see §4 below, in particular (4.1), (4.2), (4.3), (4.4), (4.5), (4.6). (1.14) . We recall that [8, Ch. 2] (2.1) B n (hx)=h'-1 2 BJX + J).
Proof of
Thus (1.12) becomes
6(mod/i)
We shall write this in the abbreviated form where V 7 k ^ h and the summation on the right of (2.2) is over complete residue systems (mod/c) and (mod/i), respectively.
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Substituting from (2.2) in (1.13), we get Clearly (3.5) is a polynomial identity in the indeterminates w, v. It is not evident how the restriction (3.1) can be removed.
To show that (3.5) includes (1.9) , take x = y = z = 0 and replace a by k -a, b by k -b. Thus the left hand side of (3.5) becomes
Thus we get 
